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Abstract—DAG-based (Directed Acyclic Graph) applications,
deployed on fog computing platforms (mini-data centers), are at
the core of modern industrial systems—especially those in remote
locations, which are often subjected to harsh, disaster-prone
conditions and frequently face unreliable or no cloud connectivity.
When disasters occur and multiple time-sensitive DAGs need
to be processed, the inherent inelasticity of local fog systems
arises as a barrier to meeting latency constraints. To achieve
cloud-like elasticity in such resource-limited environments, we
propose resource allocation strategies based on Mixed-Integer
Linear Programming (MILP) to optimally ‘“partition” the DAG
and ‘“‘approximately process” its tasks in a federated fog system.
To make our approximate computing strategy feasible for large-
scale DAGs, we developed a second method based on the
greedy approach. Our experimental results demonstrate that our
strategies establish elasticity across federated fog systems, as well
as minimize the approximation level while meeting the deadline
constraints of the DAGs.

I. INTRODUCTION AND MOTIVATION

The Fourth Industrial Revolution (Industry 4.0) has accel-
erated the adoption of autonomous, data-driven workflows
in industrial systems, demanding low-latency and serverless
processing in remote environments such as offshore oil fields
[1], space stations [2], and underwater robotic platforms [3].
These systems are characterized by intermittent connectivity
and scarce human resources, making cloud-dependent solu-
tions in them impractical. However, many critical industrial
applications, such as disaster response, predictive maintenance,
and real-time environmental monitoring, must be executed
locally under strict latency and resource constraints to ensure
system safety and operational efficiency [4], [S].

Fog computing has emerged as a localized processing
solution, enabling edge devices to handle complex, real-time
tasks without relying on the cloud [6]. However, standalone
fog nodes often lack the computational elasticity to process
multiple concurrent workflows during emergencies such as
oil spills or equipment failures [7]. For instance, Figure 1
illustrates the workflow for disaster response in the event
of a fire, where multiple tasks must be executed within a
deadline. These include tasks for data pre-processing, fire
detection, location mapping, alarm notification, evacuation

planning simulation, fire expansion simulation, and granular
surveillance planning. The dependencies among these tasks
form a Directed Acyclic Graph (DAG), where each node repre-
sents a distinct task. Efficient and timely execution of the DAG
requires intelligent resource allocation strategies to ensure all
tasks meet their stringent deadlines. To address the resource
limitations of individual fog nodes, we leverage federated fog
computing, where nearby fog systems collaborate to provide
shared computational resources and improve elasticity [8].
This setup allows efficient execution of DAG-based industrial
workflows but also introduces scheduling complexities due to
heterogeneous resources and variable network latencies [9].
Allocating interdependent tasks across federated nodes while
minimizing latency and meeting deadlines is a significant
challenge, especially for Industry 4.0 workloads that require
deterministic execution.

Here, we propose and compare two algorithms for allocat-
ing interdependent tasks in DAG-based workflows on federated
fog systems. The first is a Mixed-Integer Linear Programming
(MILP) model that optimizes task placement based on re-
source capacities, execution costs, and communication delays.
The second is a Greedy approach that incrementally assigns
tasks to minimize overall completion time. While the MILP
formulation guarantees optimality, it becomes computationally
intractable for large-scale workflows. In contrast, the Greedy
approach offers improved scalability, making it more suitable
for resource-constrained fog environments. To the best of our
knowledge, this is the first work to formulate and systemati-
cally compare MILP and Greedy task allocation strategies for
DAG scheduling in federated fog computing systems.

II. OUR CONTRIBUTIONS

Figure 2 shows a federated fog computing network
(FG1-F@G3), deployed to support real-time fire detection and
emergency response applications at offshore oil fields [9]-
[11]. The fire detection workflow is a DAG, where each
task—i.e., sensor data collection, smoke and heat analysis,
fire localization, and alert dissemination—is represented as
a node with dependencies. Real-time fire detection systems
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Fig. 1: A DAG-based fire detection workflow illustrating
microservices distributed across a federated fog computing
system.

must process large volumes of sensor data and trigger response
actions with minimal delay. In a federated fog computing
environment, where resources are distributed across geograph-
ically dispersed and heterogeneous nodes, the challenge is
to map the tasks onto the available fog infrastructure that
ensures timely execution, reduces communication overhead,
and adapts to dynamic resource availability. Achieving this
requires intelligent task scheduling and resource allocation
strategies that optimize latency, resilience, and responsiveness
under uncertainty.

Proposed Solutions: A Mixed-Integer Linear Programming
(MILP) model enables optimal task placement under resource
and bandwidth constraints. To address MILP’s scalability limi-
tations, a lightweight Greedy approach provides fast, adaptive
scheduling under dynamic conditions. The strategy supports
parallel execution, reduces response time, and ensures real-
time performance in mission-critical scenarios such as oil spill
mitigation and DAG-based fire detection. A synthetic DAG,
modeled on a real-world fire detection workflow, is used to
evaluate scheduling behavior across varying slack, fog node
counts, and DAG sizes (Fig. 3), illustrating trade-offs between
accuracy and scalability under realistic constraints.

Key contributions: (1) A DAG-to-Federated Fog mapping
strategy for disaster-response workflows, accounting for re-
source constraints and heterogeneity; (2) Two resource alloca-
tion methods: a MILP model for optimal task assignment and
a greedy heuristic for scalable, adaptive scheduling; and (3)
A simulation-based evaluation highlighting trade-offs between
optimality and scalability, demonstrating improved efficiency
and deadline compliance.

III. RELATED WORK

Prior research in fog computing has examined task schedul-
ing and resource optimization for DAG-based workflows
in heterogeneous environments. Heuristic and reinforcement
learning methods [12], [13] improve scheduling efficiency
but often neglect communication overhead and scalability in
federated fog settings. MILP-based models [14] offer optimal
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Fig. 2: Mapping of a fire detection workflow DAG onto a
federated fog computing infrastructure.

task allocation but lack integrated resource modeling. Predic-
tive and adaptive greedy techniques [15] focus on balancing
execution time and energy use, yet often overlook the trade-
off between accuracy and real-time responsiveness, which is
critical in disaster-response workflows with strict deadlines.

Our work addresses these limitations by proposing a MILP
model for optimal task mapping and a lightweight greedy
approach for scalable, low-latency, resource-aware scheduling
in federated fog systems. A key distinction is our explicit eval-
uation of the accuracy-performance trade-off under varying
slack, federated fog node counts, and DAG sizes—dimensions
often underexplored in prior work.

IV. PROBLEM DEFINITION AND MODELING

We aim to solve a dependent task allocation problem in a
fog federation environment. Let 7' = {13,7T5,...,T,,} be a
set of tasks to be executed, and F' = {f1, fa,..., fm} be a set
of available fog nodes in which the tasks can be executed.
A solution to the problem assigns each task 7; to exactly
one fog f, from those in which it is allowed (indicated with
variables P;, € {0,1}). Task T; assigned to fog f, takes time
tia > 0 to be executed completely. However, if required, it
can be executed only partially. If executed completely, task 7
achieves accuracy A; > 0. The achieved accuracy decreases
linearly when executed partially.

A DAG represents the dependencies between tasks, where
a directed edge from task T} to task 7; indicates that T; needs
data produced by T} to start its execution. If T; and T; are



TABLE I: Summary of Model Parameters and Variables

Symbol | Description

tia Time to execute completely task 7; on fog node fg

A; Accuracy if T; is fully executed; else decreases linearly
tmax Maximum allowable completion time for tasks

cg’f Comm. delay from task T on fog f to task T; on fog fq
P; Binary variable indicating if task 7; is allowed on fog f,
lia Fraction of task 7; executed on fog node f,

€ia Binary variable indicating if task 7; is assigned to fog fq
Yi Completion time for task 75

M;q Earliest start time of task 7; on fog node f,

executed in the same fog node f,, the execution of T; can start
immediately after the execution of T ends. Otherwise, if T}
and T; are executed in different fogs f, and f,, respectively,
T; has to wait cg’-? > 0 communication time for the data from
T} to be received. For convenience we set cg‘f = 0 for f, = f,.

Our objective is to assign tasks to fogs so that the whole
computation ends by a deadline t,,,x > 0. To do so, some
tasks may have to be executed partially, so a second goodness
criterion is to maximize the average accuracy of the solution.
In safety-critical environments such as emergency response at
offshore oil fields, tolerable accuracy loss is highly application-
dependent. For instance, early anomaly detection systems may
accept a 10-15% reduction in accuracy if it results in sig-
nificantly faster response times, whereas mission planning or
control decisions may require near-complete fidelity. Quantify-
ing such thresholds remains an open challenge and depends on
both operational risk tolerance and system-level redundancy.
The system operates under the following assumptions:

o Tasks are not preemptive, i.e., a task cannot be started in
one fog, stopped, moved to another fog, and continued.

o Each tasks is executed in exactly one fog.

o A task can receive data from all in-neighbors simultane-
ously.

o Executing multiple tasks concurrently in the same fog
does not affect their execution time, we assume the
fog servers utilize space-sharing scheduling and isolation
mechanisms, minimizing interference between tasks [2].

o Accuracy of a workflow is driven by the average accuracy
of the tasks in that workflow.

The task allocation problem is computationally intractable,
falling into the class of NP-hard problems [16]. As a result,
solving this problem optimally likely requires exponential
time in the worst case, making it impractical for large-
scale instances. Consequently, exact solutions are typically
limited to moderately sized problem instances, and heuristic
or approximation approaches are preferred for scalability.

V. TASK ASSIGNMENT USING MILP

We present a formulation of the problem as a mixed-integer
linear program (MILP). The key parameters and decision
variables used in the formulation are given in Table I. The
input parameters of the problem are ¢;,, A;, tmax, c?‘j, and P;,,
for tasks T; and 7}, and fog nodes f, and f;,. The variables
of the MILP formulation are l;, € [0,1], e;n € {0,1},

Yi € [0,tmax], and M;, € [0, tmax), for tasks T; and fog
nodes f,. We denote the set of in-neighbor tasks of 7; in
the dependencies DAG by in;.

A. Basic Formulation

Objective: )
aximize - Z A; }I{}gg{lw} (D
T; €T
Subject to
€ia > lia, VI €T, fo € F 2)
Y eia=1, VI, €T 3)
fa€F

y]+zejbc-l;? ,VEGT,JC(LEF (4)

M;, = max
Tj €in;

fo€F
yi= Y €ia(Mia +tialia), VIi €T )
faEF
Yi < tmaxa VT; eT (6)
€ia S-P'Lav VCZ—"L GT,fa er (7)

For simplicity, in Eq. 4 we assume that when in; = () the
maximum is 0, and hence M;, = 0.
B. Correctness of Basic Formulation

Let us consider a solution to the optimization problem
defined in Section V-A. Observe that the solution is completely
determined by the values of variables [;, and e;q,VT; €
T, fo € F. Let us show the properties of the solution (;q, €4 )-

Lemma 1. If P, =0, task T; is not assigned to fog f,.

Proof. 1If P;, = 0, from Equation (7) e;, < P;,, = 0. Since
eiqa € {0, 1}, it must hold that e;, = 0. O

Lemma 2. Every task T; is assigned to exactly one fog.

Proof. From Equation (3), and the fact that e;, € {0,1}, we
have exactly one variable e;, = 1 for each task T;. O

Lemma 3. For each task T; at most one variable l;, is larger
than 0.

Proof. Lemma 2, Equation (2), and e;, € {0, 1} imply that at

most one [;, > 0 for each task T;. O]
Lemma 4. For each task T; and fog fq, if l;a > 0 then
€iq — 1.

Proof. Follows from Equation (2) and e;, € {0,1}. O

Lemma 5. M, is the earliest time task T; can start if assigned
to fog fa., and y; is the time to approximate task T; to level
lia in the fog f, to which it was assigned (e;q = 1).

Proof. We use induction on the maximal distance to a source.
A task T} is a source if its set of in-neighbors, in;, is empty.

The base case is when a task is at a distance 0 from a
source (i.e., is a source itself). For a source task T}, in; = ()
and hence M;, = 0,Vf,, from Equation (4). Let us assume



T; is assigned to fog f,, i.e, e;, = 1. From Lemma 2 it holds
that e;;, = 0,V f, # f,. Hence, Equation (5) becomes

Yi = Miq + tialia ®)
= tialiaa (9)

— the time to execute task 7; to a fraction [;, in fog f,.

We assume by induction that for all tasks T} whose maximal
distance to a source is less than k > 0, M}, is the time T); can
start if assigned to fog fp, and y; is the time to execute task
T; to fraction I~ in the fog fy« to which it was assigned.

Let us consider a task 7; whose maximal distance to a
source is k£ > 0. Then, all the tasks in the set in; have
maximal distance from a source smaller than k. Let us consider
any T; € in; and assume 7T; was assigned to fog f. (i.e.,
ejc = 1). Then, if T; is assigned to fog f,, it must wait until
the output data from T at f. is transferred to fog f,. By
induction hypothesis, y; is the time to approximate task 7 to
level ;. in fog f.. Hence, T; cannot be started before time
yj + c5i. From Lemma 2 it holds that ej, = 0,Yf, # fe.
Hence, ¢§¢ = 3", cppeji - ¢35

Since this holds for all T € in;, the time 7; can start if
assigned to fog f, is

ba
it Y e
fvEF

M;, = max
T; €in;

Moreover, if T; is assigned to fog f,, then e;, = 1 and e, =
0,V fy, # fa, and the time to execute task 7; to fraction l;, in
the fog f, is

yi= Y ein (M + tiplip)
fv€F
= Miq + tialia

O
Lemma 6. All tasks complete their execution by time t,ax.

Proof. The claim follows from the previous lemma and Equa-
tion (6). O

Definition 1. We say that a solution (I}, e},
satisfies Constraints 2-7, i.e.,
. U‘Ha:OIhEI’l@f;a:O.
o For each task T;, I}, > 0 for at most one fog.
e For each task T;, e}, =1 for exactly one fog.
o For each task T; and fog fa, if li; > 0 then e}, = 1.
o All tasks complete by time Ty ax.

) is feasible if it

Theorem 1. The solution (l;;, e;;) of the basic formulation is
feasible and maximizes the average accuracy.

Proof. From Lemma 1 to Lemma 6 the solution (l;;,e;;) is
feasible. Now consider any feasible solution (I}, e};) with
average accuracy %ZTieT A;maxy, cp{l7,}. Then, since
(l;j,e;j) is the feasible solution that maximizes Objec-

tive (1) it must hold that + >, . A;maxy,cr{lic} >
% ETieT Aimaxy, er{l,} O

C. MILP Formulation

Observe that the basic formulation is not an MILP, because
it has constraints with products of variables. We use standard
transformations to obtain an MILP with the same solutions.

First, we change the objective to

Maximize % Z A; Z lia-

T;eT fa€F

(10)

Second, Constraint 4 can be reformulated as
Mo >yj+ > ep- it VT €T, fo € F,Tj €in; (1)
foEF

Finally, we add a variable z;, € [0, tmax] to replace e;,M;,
in Constraint 5, which can be reformulated as

Yy = Z €iaMiq + Z tialia (12)
fa€EF fo€EF
= > Zia+ Y tialia, VL ET  (13)
fa€F fo€F

To avoid a quadratic restriction z;, = €;,M;,, we use instead

Zia, < tmax *€iay VTI € Ta fa el (14)
Zia < Mia7 VTZ € T7 fa er (15)
Zia > Miq — (]- - eia)tmaxa VI; € T, fa eF (16)

These changes produce the desired MILP formulation.

Theorem 2. The MILP formulation has the same solution as
the basic formulation.

Proof. First, the change in the objective does not have an
impact, since from Lemma 3 they are equivalent.

Second, the new version of Constraint 4 only affects
Lemma 5 partially. It can be restated as “M;, is lower bounded
by the earliest time task 7; can start if assigned to fog f,, and
y; 18 lower bounded by the time to approximate task 7T; to
level I;, in the fog f, to which it was assigned (e;, = 1).
The bounds can be made as tight as required.” This does not
affect the correctness of Lemma 6, since the bounds can be
fully tight if required.

Finally, the changes in Constraint 5 do not change it as long
as zj, = €;qM;,. Since e;, € {0,1}, we have to show that (a)
Zia = 0 if e;, = 0 and (b) z;, = M;, if e; = 1.

For Claim (a), when ¢;, = 0 Constraint 14 becomes
zia < 0, which combined with z;, € [0, tmax] yields z;, = 0.
Regarding Claim (b), when e;, = 1 Constraint 16 becomes
Zia > M,;,, which combined with Constraint 15 yields
Zia = Miq. O

VI. TASK ASSIGNMENT USING GREEDY ALGORITHM

We develop a Greedy DAG scheduler that allocates tasks in
federated fog environments by prioritizing tasks based on their
accuracy levels while managing task dependencies. It makes
locally optimal decisions at each step to approximate an effi-
cient overall schedule for resource allocation. The scheduling
algorithm operates as follows, also given in Algorithm 1:



Algorithm 1 Greedy Task Scheduler Algorithm

1: approx <1

2: Sort the tasks in descending order of accuracy A;
3. repeat

4:  Initialize y; < oco,VI; € T

5 while J7; € T : y;, = co do

6: Select first task 7; such that y; = oo and VI, €
in;, y; # o

7: for each fog node f, € F': P, =1 do

8: — Compute earliest start time

9: Mia — maxr;ein, (yj + ZbeF €jb C!J)f)

10: — Compute completion time

11: Yi < Mg + tiq - approz

12: if y© < y; then

13: Yi < Y5

14: 61’(1%1; eibeo7vfb7éfa

15: end if

16: end for

17:  end while
18: maxy <— InaXTieT(yi)
19:  if mazy > t,q, then

20: — Unfeasible; reduce the average accuracy
21: apPProT <— approT - o — p
22:  end if

23: until mazry < t,0z

The greedy scheduling algorithm proceeds as follows: Input
Initialization parses the DAG to extract tasks, dependencies,
and associated accuracy levels. A Topological Sort initializes
the ready queue with zero-indegree tasks to respect precedence
constraints. In Task Prioritization, ready tasks are sorted in
descending order of accuracy. During Greedy Assignment,
each task is evaluated for earliest completion time across
available fog nodes, and assigned to the node minimizing this
time. Node availability is updated, and the task is marked
complete. A Dependency Update decreases the indegree of
successors, adding them to the queue when eligible. These
steps repeat until all tasks are scheduled.

The Greedy Task Scheduler assigns tasks to fog nodes
by minimizing individual completion times while considering
dependencies, execution durations, and inter-node communi-
cation delays. Tasks are sorted by accuracy and scheduled
iteratively on the fog node that offers the earliest finish
time. If the total execution time exceeds the deadline tp,x, a
scaling factor o = nf;x is applied, where max y denotes the
current total completion time. All task durations are reduced
proportionally by multiplying with o, ensuring the workflow
completes within the deadline. Additionally, a further reduc-
tion factor of, say, p = 0.005 can be applied, if necessary, to
aggressively adjust task durations under strict time constraints.

The greedy approach focuses on local optimization, which
may lead to suboptimal global schedules. In contrast, the MILP
model jointly optimizes task assignments and resource utiliza-
tion, providing better performance for complex dependencies

and heterogeneous fog resources. The greedy method serves
as a lightweight baseline suitable for dynamic scenarios.

VII. EXPERIMENTAL SETUP

We developed a Python-based simulation framework to
generate synthetic datasets representing the federated fog
network and DAG workloads. Configurations, including task
execution times, dependencies, deadlines, fog node capacities,
and network latencies, were stored in JSON format.

Experiments evaluated the impact of deadline constraints
(tmaa), slack factors («, see below), and fog node counts (V)
on task accuracy, deadline adherence, and resource utilization.
The simulation dynamically scheduled tasks across fog nodes,
considering network delays and workload variations.

Workload Generation: DAG-based workloads simulated dis-

aster response scenarios, with tasks assigned execution times
from a normal distribution. Workloads varied by:
Evaluation settings: (1) DAG Size: Small (10 tasks), Medium
(100), Large (1000); (2) Dependency Levels: Ranging from
sparse to dense; (3) Deadline Constraints: Controlled using
slack factor «; (4) Task Heterogeneity: Mix of compute-
intensive and latency-sensitive tasks.

Federated Fog Simulation: A discrete-event simulator mod-
eled variable number, N = {2,4,6,8,10}, of fog nodes with
varied processing capacities, factors for network latencies such
as bandwidth, distances, and congestion, and task offloading
based on resource availability and scheduling policies.

A. Experimental Design

Experiments were conducted to evaluate the impact the
following factors;

Experiment 1 — Effect of ¢,,,x: We analyzed the impact of
tmax On scheduling accuracy using a fixed fog network of 10
nodes. By varying tn.x, we examined its effect on task com-
pletion rates and evaluated whether increasing t;,x improves
deadline adherence and resource allocation efficiency.

Experiment 2 — Slack Factor («) in ¢,y This experiment
assessed how introducing slack into %y, affects execution
performance. The threshold was adjusted as:

tmax = Z Execution time of critical path + « - Slack time

We tested strict deadlines (o« = 1.0), moderate slack (o =
1.2,1.3), and loose deadlines (o« = 1.5) to determine the
optimal range balancing deadline adherence and resource
efficiency.

Experiment 3 — Scaling Fog Network Size: A large
DAG with 1000 tasks was scheduled across fog networks
with N = {2,4,6,8,10} nodes. This helped evaluate how
increasing the number of fog nodes influences execution
efficiency and deadline compliance for large workloads.

Experiment 4 — Baseline Performance: A baseline was
established using an infinite ¢y, allowing all tasks to com-
plete without deadline constraints. This run provided an upper
bound on achievable scheduling accuracy. The same DAG
dataset was used across all experiments to ensure consistency
and comparability.
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Fig. 3: Performance comparison of MILP and Greedy approaches across three configurations in terms of average accuracy:
(a) MILP achieves higher accuracy than Greedy as slack factor increases; (b) MILP continues to outperform Greedy with
increasing fog node count; (c) As task DAG size grows, MILP’s accuracy degrades significantly, while Greedy also exhibits

some level of decline.
B. Experimental Results

MILP and Greedy were evaluated in terms of: average
accuracy metric, with respect to varying slack factor (deadline
tightness), size of federated fog (number of fogs in the feder-
ation), and DAG size (task graph size), as shown in Fig. 3.

Slack Factor: we can see that increasing slack (o €
{1.0,1.2,1.5,2.0}) improves the average accuracy in both
MILP and Greedy. However, MILP maintains a higher ac-
curacy; Greedy improvement slows down beyonda = 1.5.

Fog Nodes: As node count increases, MILP benefits consis-
tently; However, Greedy plateaus beyond 8 nodes, highlighting
its limited adaptability.

DAG Size: MILP performs well on small DAGs (10 tasks)
but loses momentum for larger graphs. Greedy remains viable
at scale (e.g., for 1000 tasks), despite offering lower accuracy.
This prompt us that although MILP achieves optimal accuracy,
but suffers from exponential complexity, limiting its scalability.
Greedy scales efficiently, making it suitable for large or dy-
namic workloads, which shows a trade-off between accuracy
and scalability.

VIII. CONCLUSION AND FUTURE WORK

This work introduces MILP and Greedy-based DAG
scheduling for federated fog systems. MILP offers high accu-
racy, but lacks scalability; Greedy enables fast, deadline-aware
scheduling with lower accuracy. Runtime comparisons and
real-world DAG evaluation (e.g. fire detection) demonstrate
the performance trade-offs. Future work includes real-world
deployment in offshore and industrial IoT environments and
addressing MILP scalability using relaxation techniques and
metaheuristic algorithms for efficient, near-optimal scheduling.
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